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In this contribution, we study the effects caused by rotation of an electron/hole in the presence of a screw 
dislocation conﬁned in a quantum ring potential, within a quantum dynamics. The Tan–Inkson potential 
is used to model the conﬁnement of the particle in two-dimensional quantum ring. We suppose that the 
quantum ring is placed in the presence of an external uniform magnetic ﬁeld and an Aharonov–Bohm 
ﬂux in the center of the system, and that the frame rotates around the z-axis. The Schrödinger equation 
is solved and the eigenfunctions and energy eigenvalues are exactly obtained for this conﬁguration. The 
inﬂuence of the dislocation and the rotation on both the persistent current and magnetization is also 
studied.
© 2014 Elsevier B.V. All rights reserved.1. Introduction
Recently, the study of particles conﬁned in quantum rings has 
called enough attention due to the possible applications in differ-
ent areas of physics. The study of rings of a mesoscopic scale in the 
presence of external ﬁelds exhibits a series of interesting phenom-
ena in physics, such as, for example, Aharonov–Bohm effect [1,2], 
quantum Hall effect [3], spin–orbit interaction [4], persistent cur-
rents [5,7] and Berry quantum phase [8]. Theoretical models for 
one-dimensional quantum rings in the presence of the Aharonov–
Bohm ﬂux were used to investigate quantum interference [4,8–10]
in these systems. Tan and Inkson [5,11] proposed a model for the 
conﬁnement of electrons and holes in two-dimensional rings and 
investigated various physical properties of these rings. The impacts 
of the curvature for the magnetic, spectral and transport properties 
in nanostructured materials have recently been studied by several 
authors [12–15]. Bulaev et al. [16] investigated the model of Tan 
and Inkson for quantum rings on surfaces of negative curvature 
and studied the impact of curvature for the persistent current and 
the magnetization of this system.
In the geometric theory of defects [21], the elastic deformations 
caused by a topological defect in continuous media are described 
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gravity theory. In this geometric theory the continuous elastic 
medium is described by a Riemann–Cartan manifold where a cur-
vature and a torsion are associated with disclinations and dislo-
cations, respectively, in the medium. Therefore, the Burgers vector 
and Frank angle are associated with torsion and curvature respec-
tively. The inﬂuence of a topological defect in quantum dynamics 
of electrons/holes in a crystal is discussed in several physical situ-
ations [22–24]. Theoretical description of quantum dynamics in a 
medium with dislocation has been carried out a long time ago. For 
example, Kawamura [25] and Bausch, Schmitz, and Turski [26–29]
investigated the scattering of a single particle in dislocated me-
dia using a different approach and demonstrated that the equation 
describing the scattering of a quantum particle by a screw dislo-
cation is of Aharonov–Bohm form [1]. The Aharonov–Bohm effect 
has also been investigated using the Katanaev–Volovich approach 
in medium with a disclination in Refs. [30,31] and in the presence 
of dislocations in Refs. [24,32,33] In Ref. [34] Aurell has investi-
gated the inﬂuence of dislocation on the properties of quantum 
dots. Recently, the study of the inﬂuence of topological defects in 
mesoscopic systems has been carried out in Ref. [17] for the quan-
tum dot in the presence of a disclination, and in Ref. [18], the two
of us have used a hard-wall potential model to consider the inﬂu-
ence of dislocations in quantum rings.
In this contribution, we study a novel model for a quantum ring 
in a rotating frame in the presence of a screw dislocation. We use a 
Tan–Inkson conﬁnement potential in the presence of uniform mag-
netic ﬁeld and an Aharonov–Bohm ﬂux. In addition, the system is 
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tions and eigenvalues of energy are obtained. The impact both of 
the topological defect and of the rotation on the persistent cur-
rents and on the magnetization are studied.
This paper is organized as follows. In Section 2 we investi-
gate the quantum dynamics in the presence of a screw dislocation. 
In Section 3, we describe the Tan–Inkson conﬁnement potential. 
In Section 4 the Schrödinger equation for a rotating ring in the 
presence of a screw dislocation is studied. The persistent current 
and magnetization for a rotating ring are obtained respectively in 
Sections 5 and 6. Finally, in Section 7 we present the concluding 
remarks.
2. Quantum dynamics in the presence of a screw dislocation
In this section we study the quantum dynamics of a charged 
particle in the presence of a screw dislocation. It is a kind of lin-
ear defect which can be obtained by a shear stress which causes 
distortion in a crystalline material. In the presence of these defects 
one observes spiral paths described by the atomic planes around 
the defect [19]. Furthermore, screw dislocations generally emerge 
as a consequence of certain phase transitions.
One may represent the distortion of the lattice by the de-
fect basing on geometric theory of defects. First, let us denote 
Burgers vector, in Cartesian coordinates, by b = (bx, by, bz). It can 
be obtained by the so-called Volterra process [20]. Second, we 
also deﬁne the way the distances can be measured in the space 
with a screw dislocation upon considering the following three-
dimensional metric:
ds2 = dρ2 + (dz + βdφ)2 + ρ2dφ2, (1)
with ρ > 0, 0 < φ < 2π and −∞ < z < ∞. In the metric (1), the 
only non-zero component of Burgers vector is bz such that bz =
2πβ .
The Hamiltonian for a quantum particle in a rotating frame in 
the presence of an external magnetic ﬁeld is given by
H = 1
2μ
(p− eA)2 −Ω · L. (2)
Supposing that our system rotates with an angular velocity Ω =
Ω zˆ and L = r × p, we obtain the following Hamiltonian
H = 1
2μ
(p− eA− μΩ × r)2 − 1
2
μ(Ω × r)2. (3)
We write the Hamiltonian of charged particle (3), for the metric 
(1), and obtain
H = − h¯
2
2μ
[
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
[
1
ρ
(
∂
∂φ
− β ∂
∂z
)
− ie
h¯
Aφ − iμ
h¯
(Ω × r)
]2
+ ∂
2
∂z2
]
− 1
2
μ(Ω × r)2. (4)
Now we consider the external magnetic ﬁeld conﬁguration com-
posed by two contributions, namely, a uniform ﬁeld in z direc-
tion and an Aharonov–Bohm ﬂux. Such a ﬁeld is given by B =
(B + Φδ2(ρ))zˆ where δ2(ρ) is a two-dimensional delta function. 
This magnetic ﬁeld is generated by the following vector potential
A =
(
B
2
ρ + Φ
2π
1
ρ
)
φˆ, (5)
where Φ = 
Φ0 (Φ0 = h/e). For the rotation around a z-axis with 
an angular velocity Ω = Ω zˆ we haveH = − h¯
2
2μ
[
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
[
1
ρ
(
∂
∂φ
− β ∂
∂z
− ie
h¯
Φ
2π
)
− ie
2h¯
(
B + 2μ
e
Ω
)
ρ
]2
+ ∂
2
∂z2
]
− 1
2
μΩ2ρ2. (6)
3. The Tan–Inkson model
Now, we introduce the Tan–Inkson conﬁnement model. This 
theoretical approach has been introduced by Tan and Inkson [5,
11] and allows to describe different kinds of nanostructures by a 
simple change of some parameters. This potential is given by
V (ρ) = a1
ρ2
+ a2ρ2 − V0, (7)
where a1 and a2 are the constant parameters, and V0 = 2√a1a2. 
The potential has a minimum V (r0) = 0 at r0 = ( a1a2 )1/4. The r0 is 
the average radius of the ring, and for r  r0 the conﬁning po-
tential has the parabolic form V T I  12ω20(r − r0)2 where ω0 =√
8a2/μ. We can ﬁnd the inner r− and outer r+ radii of the quan-
tum ring in terms of the Fermi energy of a dipole system, from the 
expression
r± =
( V0 + E F ±√2EF V0 + E2F
2a1
)1/2
, (8)
where the width of the ring is δr = (r+ − r−). Depending on the 
chosen limits for a1 and a2, one can model dot, antidot and ring 
structures in two dimensions. In this way, in the limit a1 → 0
we obtain the conﬁning potential for a quantum dot. In its turn, 
for a2 → 0, we have an antidot potential. Besides, in general case, 
where both a1 and a2 are non-zero, we have a model of harmonic 
conﬁning potential for a quantum ring.
The Tan–Inkson model does not take spin into account. Despite 
this, such a spinless particles model is a good approach for some 
semiconductor conﬁgurations under low magnetic ﬁelds, electron 
density higher than 3.5 × 1011 cm−2 and low temperatures. In its 
turn, electron–electron interaction shifts the total energy in com-
parison with the one obtained according that approach [5].
4. Schrödinger equation for rotating quantum ring
Now, we investigate the inﬂuence of rotation on electrons/holes 
conﬁned in a quantum ring. In this section we introduce the po-
tential (7) in the Hamiltonian (6) and obtain the complete Hamil-
tonian for an electron/hole in a quantum ring in the presence of a 
screw dislocation in a rotating frame. Such a Hamiltonian has the 
following form
H = − h¯
2
2μ
[
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
[
1
ρ
(
∂
∂φ
− β ∂
∂z
− ie
h¯
Φ
2π
)
− ie
2h¯
(
B + 2μ
e
Ω
)
ρ
]2
+ ∂
2
∂z2
]
− 1
2
μΩ2ρ2 + a1
ρ2
+ a2ρ2 − V0. (9)
The Schrödinger equation associated with the Hamiltonian (9) is 
given by
− h¯
2
2μ
[
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+ 1
ρ2
(
∂
∂φ
− β ∂
∂z
− ie
h¯
Φ
2π
)2
−
(
e
)2(
B2 + 4μBΩ
)
ρ22h¯ e
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(
ie
h¯
)(
B + 2μ
e
Ω
)(
∂
∂φ
− β ∂
∂z
− ie
h¯
Φ
2π
)
+ ∂
2
∂z2
]
Ψ
+
[
a1
ρ2
+ a2ρ2 − V0
]
Ψ = εΨ. (10)
After some mathematical manipulations we have[
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+ 1
ρ2
[(
∂
∂φ
− β ∂
∂z
− ie
h¯
Φ
2π
)2
− 2μa1
h¯2
]
−
[
e2B2
4h¯2
+ 4μΩeB
4h¯2
+ 2μa2
h¯2
]
ρ2
−
(
ie
h¯
)(
B + 2μ
e
Ω
)(
∂
∂φ
− β ∂
∂z
− ie
h¯
Φ
2π
)
+ ∂
2
∂z2
+ 2μ
h¯2
(V0 + ε)
]
Ψ = 0. (11)
Due to the symmetry of the problem we use the ansatz Ψ =
R(ρ)eimφeikz , and after some transformations, we obtain the fol-
lowing radial equation
R ′′ + 1
ρ
R ′ − 1
ρ2
[
(m − βk − 
)2 + 2μa1
h¯2
]
R
−
[
e2B2
4h¯2
+ 4μΩeB
4h¯2
+ 2μa2
h¯2
]
ρ2R
+
[(
e
h¯
)(
B + 2μ
e
Ω
)
(m − βk − 
) − k2 + 2μ
h¯2
(V0 + ε)
]
R
= 0. (12)
Now, we introduce the following deﬁnitions
ω2c =
(
eB
μ
)2
;
ω20 =
8a2
μ
;
ω2 = ω2c + 4Ωωc + ω20;
L2 = (m − βk − 
)2 + 2μa1
h¯2
;
γ ′ = 2μ V0 + ε
h¯2
+ μω
∗
h¯
(m − βk − 
) − k2;
ω∗ = ωc + 2Ω. (13)
It is worth to notice that the cyclotron frequency will play the role 
of Landau frequency, namely, ω = ω∗ = ωc whenever the concur-
rent conditions a1 → 0, a2 → 0 and Ω → 0 are satisﬁed.
Afterwards, the radial equation assumes the well-known form
R ′′ + 1
ρ
R ′ +
[
−μ
2ω2
4h¯2
ρ2 + γ ′ − L
2
ρ2
]
R = 0. (14)
Carrying out a change of variables, ξ = μω2h¯ ρ2, one can rewrite the 
equation above as
ξ R¨ + R˙ +
[
−ξ
4
+ γ − L
2
4ξ
]
R = 0, (15)
where
γ = h¯
2μω
[
2μ
V0 + ε
h¯2
+ μω
∗
h¯
(m − βk − 
) − k2
]
(16)
Doing the asymptotic analysis of Eq. (15), for the limits ξ → 0 and 
ξ → ∞, one can write a solution of the radial equation (15) in the 
following form:R(ξ) = Ce−ξ/2ξ |L|/2ζ(ξ), (17)
where C is a normalization constant. Besides, one observes that 
the function ζ(ξ) obeys the following differential equation:
ξ ζ¨ + (|L| + 1− ξ)ζ˙ − [ |L| + 1
2
− γ
]
ζ = 0, (18)
where (18) is the hypergeometric equation whose solution is the 
hypergeometric function:
ζ(ξ) = F
[
−
(
γ − |L| + 1
2
)
; |L| + 1; ξ
]
. (19)
The quantization of energy in our case follows from the fact that 
hypergeometric functions must obey a convergence requirement, 
which is achieved when the ﬁrst parameter of Eq. (19) satisﬁes 
the condition
−
(
γ − |L| + 1
2
)
= −n, n = 0,1,2, . . . . (20)
So, we easily ﬁnd the following energy spectrum:
En,m,k =
(
n + |L|
2
+ 1
2
)
h¯ω − 1
2
(m − βk − 
)h¯ω∗ + h¯
2k2
2μ
− μ
4
ω20r
2
0. (21)
We see that the quantum number m is shifted by two parts: the 
ﬁrst one, related to β parameter describing the topological defect; 
the other one, related to the Aharonov–Bohm ﬂux. Besides of this, 
the energy levels are characterized by three frequencies. The ﬁrst 
one, ω, depends on the magnetic ﬁeld, the coeﬃcient a2 of the 
conﬁnement potential (7) and on the angular velocity Ω . The sec-
ond frequency ω∗ depends on the cyclotron frequency ωc and the 
angular frequency of rotation Ω . Finally, the third frequency ω0 is 
a characteristic of the conﬁnement potential, depending only on 
the parameter a2.
In the limit where the frame does not rotate (Ω = 0), there is 
no defect (β = 0), and no conﬁnement is present (a1 = a2 = 0), one 
ﬁnds the usual Landau levels. However, if all conditions necessary 
for the expression (21) are satisﬁed, the behavior of degeneracy 
changes: differently from usual Landau levels, our system is degen-
erate with respect to the quantum number m only for a1 = a2 = 0.
Also, it can be easily seen that when the concurrent limits 
a1 → 0, a2 → 0 and Ω → 0 occur, we recover the Euclidean and 
non-rotating situation.
The eigenfunctions are given by
ψn,m,k(ρ,φ, z)
=
(
1
λ0
) 1
2
[
Γ (n + |L| + 1)
2|L|+1n![Γ (|L| + 1)]2π
]1/2
eı˙mφeı˙kzρ|L|
× exp
(
− ρ
2
4λ0
)
F
[
−n; |L| + 1; ρ
2
2λ20
]
, (22)
where
λ0 =
√
h¯
μω
(23)
is an effective magnetic length renormalized by the ring conﬁne-
ment, which represents the amplitude of oscillations.
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In this section we obtain the persistent current for a rotating 
ring. From energy spectrum, it is possible to obtain an expression 
for these currents In,m,k . This kind of a current plays an impor-
tant role when magnetic ﬂuxes are present, as now. If the partition 
function Z is known for the system, we could obtain In,m,k from
In,m,k = −kB T ∂ ln Z
ΦAB
. (24)
In turn, it is known that there is a relation between partition func-
tion Z and Helmholtz free energy F :
F = −kB T ln Z . (25)
On the other hand, it was showed in [35] that if energy eigen-
values are known, it will be more interesting to use this last rela-
tion, by
In,m,k = −∂En,m,k
∂ΦAB
= − 1
φ0
∂En,m,k
∂

, (26)
that is, the Byers–Yang relation with φ0 = h/e. The total persistent 
current is given by
I =
∑
n,m,k
In,m,k, (27)
where we sum the currents carried by all the occupied electron 
states and the sum in k represents an integral in all values as-
sumed by k due fact of this eigenvalues assume continuous values. 
Since we have already obtained the energy spectrum, it will be 
interesting to evaluate In,m,k from the energy. So, the persistent 
currents for our system are given by
In,m,k = eω4π
( |m − βk − 
|
L
− ω
∗
ω
)
. (28)
Note that the persistent current is a function of the Aharonov–
Bohm ﬂux and the Burgers vectors. One should observe the de-
pendence of the persistent current on the rotation velocity Ω .
Now, we investigate the quantum dot limit in the persistent 
current. When we consider the limit of a1 → 0 all results obtained 
previously are valid, except for case where m −βk −
 = 0. This fact 
occurs due to the fact that the wave function of states with m −
βk − 
 = 0 assumes a nonzero value for r = 0 and the Byers–Yang 
relation used to obtain the expression (28) cannot be applied in 
this limit. In this case we adopt the procedure used by Tan and 
Inkson [5] to obtain the expression in this limit for a quantum dot. 
Therefore, Eq. (28) is valid for a1 = 0, and to obtain the expression 
for a quantum dot for states where m − βk − 
 = 0 we use the 
following procedure [5], taking the limit:
In,m,k|(m−βk)−
=0 = lim
a1→0+
[
lim
(m−βk)→

eω
4π
( |m − βk − 
|
L
− ω
∗
ω
)]
= −eω
∗
4π
= −eωc
4π
− e2Ω
4π
. (29)
Note that, in accordance with Eq. (29), in the limit b → 0 and 
Ω → 0 we recover the same result obtained in [6] by Avishai 
and Kohmoto for quantum dots. In general, we have an Avishai–
Kohmoto-type contribution adding a new term due to the dot in 
rotating frame. The persistent current for the case where m =
βk + 
 is obtained taking the limit L = m − βk − 
. So, we obtain 
the following current
In,m,k|(m−βk)−
=0
=
{
− e(ω∗−ω)4π = − e(ωc−ω)4π − e2Ω4π , form − βk − 
 > 0,
− e(ω∗+ω) = − e(ωc+ω) − e2Ω , form − βk − 
 < 0. (30)4π 4π 4πStudying the expression (29) and (30) we observe that persistent 
current for quantum dot depends on the rotation velocity. The ro-
tation introduces new contributions in the expressions (29) and 
(30) which are proportional to the rotation velocity Ω .
6. Magnetization for quantum rings
Now, we investigate the magnetization for T = 0 for quasiparti-
cles in a rotating ring. In order to obtain an analytic expression for 
a magnetization M, in terms of all magnetic moments Mn,m,k , we 
consider a system with a temperature T = 0 and a ﬁxed number 
N of spinless particles. In this way, we must take the summation 
over the N occupied states. The magnetization is deﬁned by the 
following thermodynamical relation
M=
∑
n,m,k
Mn,m,k = −∂U
∂B
∣∣∣∣
N
= −
∑
n,m,k
∂En,m,k
∂B
∣∣∣∣
N
, (31)
where U =∑n,m,k En,m,k is total energy of electron system and
Mn,m,k = ∂En,m,k
∂B
∣∣∣∣
N
, (32)
is the magnetic moment of the (n, m, k)-th states. So, for the en-
ergy spectrum obtained in previous, the magnetic moment for our 
system is represented by
Mn,m,k = −eh¯
μ
[(
n + |L|
2
+ 1
2
)(
1+ 2 Ω
ωc
)
ωc
ω
− 1
2
(m − βk − 
)
]
. (33)
It is worth to notice that now we can represent a magnetization 
in terms of persistent currents (28). Having this goal, let us deﬁne 
an effective radius rn,m given by
rn,m,k = (2L) 12 λ = 2L h¯
μω
. (34)
Then, after some algebra, we ﬁnd
Mn,m,k = πr2n,m,k In,m,k −
eh¯
μ
(
n + 1
2
)(
ωc
ω
+ 2Ω
ω
)
. (35)
From (35), the magnetization includes two terms. The ﬁrst part 
represents the magnetic dipole moment of the current loop [36]. 
The second part, in turn, is a diamagnetic shift.
Also, comparing the conﬁguration (35) respectively for rotating 
and non-rotating frames, we see the difference in the expression 
for the magnetization which can depend on Ω , or not. Besides, one 
should take into account the implicit dependence of ω on Ω . The 
weaker magnetic ﬁeld is, the more important is the role played by 
angular velocity Ω related to the rotating frame.
Moreover, the magnetization returns to its known values for a
Euclidean geometry in a non-rotating frame case [5] when Ω and 
β are zero, as obviously expected.
7. Concluding remarks
In this letter we have studied the effect of rotation in a two-
dimensional quantum ring in the presence of a screw dislocation. 
We have examined the quantum dynamics of a particle bounded in 
a quantum ring in the presence of a screw dislocation in a rotat-
ing frame. The distortion in crystal lattice is viewed with help of a 
metric. In its turn, from the metric, a Hamiltonian associated with
the space with the linear defect under a uniform magnetic ﬁeld 
(in a rotating frame) is obtained. Besides, we include Tan–Inkson 
potential for modeling a quantum ring. Next, we found energy 
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ergy spectrum that the quantum number m is shifted because of 
the Aharonov–Bohm ﬂux and of the torsion effect due the Burgers 
vector of defect. Energy eigenvalues are also inﬂuenced by rotation 
of the frame, as can be seen in dependence of L on Ω .
Now, we investigate the effect of rotation in the quantum ring. 
We consider the limit where uniform magnetic ﬁeld is absent, 
B = 0, and the expression (21) is given by
En,m,k =
(
n + |L|
2
+ 1
2
)
h¯ω0 − 1
2
(m − βk − 
)2h¯Ω + h¯
2k2
2μ
− μ
4
ω20r
2
0, (36)
we can see that the expression of energy eigenvalues (36) has the 
same functional form of the expression obtained by Tan and Ink-
son [5] for a quantum ring. Note that the angular velocity Ω in 
this case plays the role of a cyclotronic frequency. In this way we 
conclude that effect caused by the rotating frame can be viewed 
with an effective magnetic ﬁeld acting in the quantum ring.
It follows from the expression for the effective magnetic length 
that the higher the value assumed by the angular velocity of the 
quantum ring Ω , the lower are the values assumed by the mag-
netic length λ0.
The persistent current is a function of the Burgers vectors and 
the Aharonov–Bohm ﬂux. The persistent current depends on the 
angular velocity of rotation of the quantum ring. Note that, the 
Burgers vectors play a role of effective Aharonov–Bohm ﬂux due to 
the torsion introduced by topological defect. Moreover, the weaker 
magnetic ﬁeld is, the most important is the role played by angular 
velocity Ω . If we consider the limit Ω 	 ωc or low magnetic ﬁelds 
B ≈ 0, in this limit, we have that ω ≈ ω0 and ω∗ ≈ 2Ω and the 
expression for persistent current is given by
In,m,k = eω04π
( |m − βk − 
|
L
− 2Ω
ω0
)
. (37)
Eq. (37) is the expression for current persistent for low magnetic 
ﬁeld, where we can see the inﬂuence of rotation and the topologi-
cal defect in this quantum ring.
The expression that we found for magnetization can be pre-
sented as a sum of three contributions. An investigation in the 
expression of magnetization (35) can be performed and we obtain 
that the rotation effect adds a new contribution in the diamagnetic 
shift term of Eq. (35), this additional term can be explained in the 
magnetic moment expression in the following way
Mn,m,k = MCLn,m,k + MDSn,m,k + MDSRn,m,k, (38)
where MCLn,m,k = πr2n,m,k In,m,k is the contribution due to a magnetic 
dipole moment of the current loop [36] of radii rn,m,k . The term 
MDSn,m,k = − eh¯μ (n + 12 )ωcω is the contribution due to the magnetic 
shift, this term also depends implicitly of the rotation, but its func-
tional form is similar to the result obtained by Tan and Inkson [5]. The third term is a contribution to the magnetic moment due only 
the effects of rotating ring and is given by
MDSRn,m,k = −2
eh¯
μ
(
n + 1
2
)
Ω
ω
. (39)
This contribution demonstrates that magnetization is affected by 
a rotation of the frame because of its dependence on Ω . We ob-
serve that the magnetization also depends of the Burgers vector. 
Finally, we claim that the results obtained here are the ﬁrst ones 
related to the inﬂuence of rotations in the physical properties of 
the Tan–Inkson model for a two-dimensional quantum ring.
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